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ABSTRACT.— We report on an efﬁcient information reconciliation method for correcting errors in a continuous-variable quantum key distribution system. It consists of several steps. First, in a quantization phase, the continuous result of a measurement
is discretized into 2p intervals, each one corresponding to a different symbol. Next, in the reconciliation phase, Alice transmits the d least signiﬁcant bits of the binary representation of her symbol to Bob. This allows Bob to reduce the number of
possible symbols by a factor of 2d. Finally, a non-binary low-density parity-check code over a Galois ﬁeld of order 2p−d is used
to reconcile a frame with the remaining discrepancies in the p − d most signiﬁcant bits of the binary representation of each
symbol.
In continuous-variable (CV) QKD the transmitted continuous signals potentially have uncountable many different outcomes. The measurement
process converts those signals into discrete values (symbols), typically distinguishing between much more than two different outcomes. Thus, for
CVQKD larger alphabets can be considered in the key generation process,
e.g. the set ξ = {0, 1}p with p > 1, that allows for the binary representation of
each symbol, i.e. such that p bits are generated per non-discarded symbol.

METHOD.
A. Quantization phase.—The continuous result of a measurement is

discretized into 2p intervals, each one corresponding to a different symbol. A cut off parameter ±α deﬁnes the boundaries of a key generation
grid around the origin of the phase space. The interval [−α, α] is uniformly
partitioned by choosing an spacing value δ such that the number of subintervals (bins) is equal to 2p. Symbols in the raw keys are then obtained by
binning the measurement outcomes, where the representative values for
each interval are chosen from the elements of a ﬁnite (Galois) ﬁeld of order
2p, GF (2p).
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Fig. 2 shows the reconciliation efﬁciency as a function of the signal-to-noise
ratio (SNR) for different half widths of the reconciliation interval α. Increasing
α values were considered for a constant coding rate R. It was then compared the reconciliation efﬁciency of several coding rates over different
Galois ﬁelds. In this case, the number of sub-intervals of the reconciliation
interval remain constant to 29, such that the number of disclosed bits differs
for each Galois ﬁeld, i.e. d = 5, 4, and 3 for decoding over GF (16), GF (32),
and GF (64), respectively. The smallest interval half width (i.e. α = 4 and
α = 6) are labeled in the ﬁgure. Note that the interval half width of two
consecutive points on a curve differs by 2 (GF (64)) or 4 (GF (16), GF (32)). As
shown, the efﬁciency considering a frame length of n = 104 bits is over 0.9 in
the range from 2 to 24 dB.
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Fig. 1. Quantization or key generation grid.

B. Reconciliation phase.— We chose the binary representation for
each symbol and rewrite Alice’s and Bob’s quantized outcomes by considering xA, xB ∈ GF (2d)⊗GF (2q ) = GF (2p), such that xA = x̌Ax̂A and xB = x̌B x̂B ,
where xy denotes the concatenation of two binary sequences, x and y,
the former x representing the least signiﬁcant bits of the sequence. The
reconciliation involves then the following steps:
Step B.1) Alice sends through a noiseless channel her d least signiﬁcant

bits of the binary representation of her symbol {x̌A} to Bob who rewrites
his quantized outcome by equaling with those bits received from Alice,
x̌B = x̌A.

Step B.2) Finally, the proposed reconciliation method concludes using a

non-binary LDPC code over a Galois ﬁeld of order 2q [1] to reconcile a
frame with the remaining discrepancies in the q most signiﬁcant bits of the
binary representation of each symbol.

The efﬁciency of the proposed two-steps information reconciliation method
is deﬁned as
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Fig. 2. Reconciliation efﬁciency for ﬁxed-rate non-binary LDPC decoding over different Galois ﬁelds varying the interval half width α.

CONCLUSIONS.— We propose an efﬁcient information reconciliation
method [2] that directly operates on symbols of a key generation alphabet,
instead of using the binary representation for each symbol. This method,
novelty proposed for CVQKD, is based on the belief propagation decoding of non-binary LDPC codes over GF (q) with q > 2.
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